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Quadratic Equations
Exercise A, Question 1

Question:

A curve is given by the parametric equatian:sth, y=4t. t O R. Copy and complete the following table and draw a
graph of the curve ford<t<4 .

t -4]-3|-21-1|-05|0]05]|1|2]|3] 4
x = 2t2| 32 0|05 32
y=4 |-16 2 16
Solution:

x=2t2| 321 18| 8| 2| 05|0|05/2|8]|18]32
y=4t|-16|-12|-8|-4| -2 |0| 2 |4|8]|12]|16
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Quadratic Equations
Exercise A, Question 2

Question:

A curve is given by the parametric equatioms3t2, y=6t. t O R. Copy and complete the following table and draw a
graph of the curve for3<t<3 .

t -3|1-2]1-1]1-0.5/0]05|1]2]3
X = 3t2 0

y =6t 0

Solution:

w=3t2| 27| 12| 3 [0.75|0]0.75| 3| 12| 27
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Exercise A, Question 3

Question:

A curve is given by the parametric equatiansat, y = % t OR, t# 0. Copy and complete the following table and draw
a graph of the curve fed <t<4 .

t -41-3|-2|-11-0.5]0.5|112]|3|4
X=4t|-16 -2

y=2| -1 -8

Solution:

t|-4| -3 |-2|-1|-05[05|1|2| 3 |4
x=4t|-16| -12|-8|-4| -2 | 2 |4|8| 12 |16
Al -1]_4|-2|-4| -8 | 8 |4]2
y t 3

W
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Exercise A, Question 4

Question:
Find the Cartesian equation of the curves given by these parametric equations.

ax=5t2 y=10t

5.2
ex=—=t5 y=5t
> y

f x=3t2 y =23t
g x=4t, y=2t2

h x=et, y=3t2
Solution:

a y=10t

=y
So t—10 (1)

x=5t2 (2)

Substitutg(1) into (2):

2
10

5y2

2
Sox = = simplifies tox = b
100

Hence, the Cartesian equatiory?v- 20x
b y=t (1)

=1

X 2t2 )

Substitutg(1) into (2):
_12
X= 2y

Hence, the Cartesian equatiory?y- 2x
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c y=10ax
-y

So t—100 (1)
x=502 (2)

Substitutg(1) into (2):

2
—sof L
x—50(100)

2 2
Sox= Y simplifies tox = R
10000 200

Hence, the Cartesian equatiory?s“- 20«

_12
X = 5t 2
Substitutg(1) into (2):
2
X = i(ﬂ)
5\ 2
25y 5y2

Sox = —— simplifies tox = =-
20 4

Hence, the Cartesian equatiory??- %x

e y=5
=Y

So t-5 (@D}
_5.2
x—2t 2

2 2
So x=2 simplifies toc= L
50 10

Hence, the Cartesian equatiory?sr- 10x

f  y=2J3t
_y

So t-m (@D}
x=3t2 (2)
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Substitutg(1) into (2):

< o(z5)

_V3y? _1x _ 3
So X—TgIVGW—ﬁXﬁ

Hence, the Cartesian equatiory?v- 4.3x

g x=4t
_ X
So t-Z (@D}
y=2t2 (2)

Substitutg(1) into (2):
2
A X
v=2(3)
2

So =2iz simplifies toy = =
T P 8

Hence, the Cartesian equatiorx?; 8y

h x=6t
_X

So t—6 D
y=3t2 (2)

Substituteg(1) into (2):
2
=3(X
y= 3(6)
_ . . _ x2
So y= 6 simplifies toy = -

Hence, the Cartesian equatiorx% 12y
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Exercise A, Question 5

Question:

Find the Cartesian equation of the curves given by these parametric equations.

ax=t, szl’ t£0

b x=T1t, y=%, t£0

¢ x=34/5t, yzg, t#0

1
dx==, y==, t20
X 5’y 5t’

Solution:

a w=tx(})

Xy:

—_ | -+

Hence, the Cartesian equationxys= 1

b xy:7t><(%)

_Ax
Y T

Hence, the Cartesian equatiorxys= 49

c xy:SJth(ﬁ}

t

Hence, the Cartesian equationys= 45

t (1
d Xy'gx(g)

Hence, the Cartesian equationxys= %
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Quadratic Equations
Exercise A, Question 6

Question:
A curve has parametric equations 3t, y = % tOR, t20.

a Find the Cartesian equation of the curve.

b Hence sketch this cun

Solution:
a xy=3tx (%)

=&
YA

Hence, the Cartesian equationxys= 9

b

B
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Quadratic Equations
Exercise A, Question 7

Question:

A curve has parametric equations v/2t, y = g tOR, t£0.

a Find the Cartesian equation of the curve.

b Hence sketch this cun

Solution:
a xy= ﬁtx(?}

=2
VR

Hence, the Cartesian equatiorxys= 2

b

vk

=¥
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Quadratic Equations
Exercise B, Question 1

Question:

Find an equation of the parabola with
afocus (5, 0) and directrix+5=0

b focus (8, 0) and directrix+8=0 ,

c focus (1, 0) and directrix=-1 ,

N w

d focus(g, O) and directrix = -

N

efocus(T, J and directrix +

NP

=0 .
Solution:

The focus and directrix of a parabola with equa;i%n: 4ax , ar@)(andx+a=0 respectively.
afocus (5, 0) and directrix+5=0 .

Soa=5 andy2 =4(5) .

Hence parabola has equat'ry?n: 20x

b focus (8, 0) and directrix+8=0 .

Soa =8 andy? = 4(8) .

Hence parabola has equat'rp?n: 32

c focus (1, 0) and directrix=-1 giving+1=0
Soa =1 andy? = 4(1) .

Hence parabola has equatip’n= 4x

d focus(g, 0) and directrix = —g giving+§ =0 .
Soa= % andy2 = 4(§)x .

Hence parabola has equatiy?n: 6x

efocus(g, OJ and directrix + % =0 .

_
Soa= % andy? = {%}x
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Hence parabola has equat'rp?n: 2./3x
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Quadratic Equations
Exercise B, Question 2

Question:

Find the coordinates of the focus, and an equation for the directrix of a parabola with these equations.
ay? =12«

b y2 = 20x

c y2 =10x

d y2 =4/3x

e y? = J2x

f y2=5J2x

Solution:

The focus and directrix of a parabola with equa;i%n: 4ax (am xamro= 0 respectively.
2 _ ; _12 _

ay“=12x. So4a=12, glvesl-T =3.

So the focus has coordinates (3, 0) and the directrix has equation0

20

by2=20x. So4a =20, gives = n =5 .

So the focus has coordinates (5, 0) and the directrix has equation0

c y2 =10x. So4a =10, gives =

~8
N

So the focus has coordina(e;’s 0) and the directrix has equati%n: 0

d y? = 4/3x. Soda =43 , gives = % = 3.
So the focus has coordinate®,0)  and the directrix has equatigs = 0

ey?=2x Soda= 2, giveaz% .
So the focus has coordinaE#, Oj and the directrix has equa{iégﬁ =0
f y2 =5/2x. Soda =52 , gives =

5.2
=

So the focus has coordina{éﬁ?, 0] and the directrix has equa{igfz =0
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Quadratic Equations
Exercise B, Question 3

Question:

A point P(x, y) obeys a rule such that the distanc® &6 the point (3, 0) is the same as the distan¢tofthe straight
line x+ 3 =0. Prove that the locus Bfhas an equation of the foryR = dax stating the value of the corsstant

Solution:
'y
3 | x /"Jf
HpEe—2— P (%, ¥)
d
0 \S {3, 0)
""-.\__\_\__
x+3=0

From sketch the locus satisfige = XP

Therefore,'SP2 = XpP? .

So,(x = 3%+ (y - 0)? = (x— -3)>

X2 —6X+9+y2 =x%+6x+9

—6x + y2 = 6X

which simplifies toy2 =12x .

So, the locus oP has an equation of the form

y2 = 4ax, wherea = 3.

© Pearson Education Ltd 2C
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The (shortest) distance oft the line
x+3 = 0is the distancXP.

The distance Ss the same as the distance
XP.

The line XPis horizontal and has distance
XP=x+3

The locus of Hs the curve shown.

This means the distance #the same as the
distance XP

Used? = (% - x])2 +(Y, = yl)2 onSP? = XP?,
whereS(3,0) ,P(x,y) , anK(-3,y) .

This is in the formy2 =4ax .

Soda=12, givea = % =3.
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Quadratic Equations
Exercise B, Question 4

Question:

A point P(x, y) obeys a rule such that the distanc® o6 the poin{2./5, 0) is the same as the distande tf the
straight linex = -2./5 . Prove that the locus®has an equation of the foryR = 4ax stating the value of the corsstant

Solution:
vk
Eﬂllg % —
Ke—sm—a P (X, V)
d
: Q’gl | r
x=-2/5

From sketch the locus satisfigid = XP

Therefore,SF’2 = XP? |
S0,(x - 25)" +(y-0)2 = (x~—215)°.

x° = 4JBx+20+y? = x° + 4J5x + 20
~4J5x+y? = 4/5x
which simplifies toy? = 8/5x .

So, the locus oP has an equation of the form
y? = 4ax, wherea = 2./5 .

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

The (shortest) distance oftB the linex = -2/5
orx+2+/5 =0 s the distance XP

The distance SP is the same as the distafite

The lineXP is horizontal and has distance
XP = x + 2./5.

The locus oP is the curve shown.

This means the distance SP is the same as the
distanceXP .

Used® = (% =) + (, ~ y;)° onSP? = XP?,
whereS(24/5,0) P(x,y) , anK (-24/5y) .

This is in the forrry2 =4ax .
Soda =845, givesaa = # = 2./5.
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Quadratic Equations
Exercise B, Question 5

Question:

A point P(x, y) obeys a rule such that the distanc® ¢ the point (0, 2) is the same as the distan¢tofthe straight
liney=-2.

a Prove that the locus &f has an equation of the foryn= e stating the value of the constant
Given that the locus d? is a parabola,

b state the coordinates of the focu$Ppfind an equation of the directrixRo

¢ sketch the locus (P with its focus and its directri

Solution:

a The (shortest) distance oftB the
line y = -2 is the distance YP

The distancé&P is the same as t
distanceYP.

The line YPis vertical and has
distancerP =y +2 .

The locus oP is the curve
shown.
y=-2

From sketch the locus satisfi8B=YP . This means the distan&® is the
same as the distan¥®.

Therefore,SF’2 = YP2 )

So,(x=0)? + (y-2)? = (y--2)% Used” = (3 —x)* + (v, — y;)* on
SP? = YP?, whereS(0, 2) P(x,V)
andY(x,-2).

x2+y?—dy+4=y?+ay+4
x2—4y:4y

which simplifies tox? = 8y and thep= %xz

So, the locus oP has an equation of the foryn= %xz , Where

PhysicsAndMathsTutor.com
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_1
k= 5
b The focus and directrix of a parabola with equay?)rx 4ax (ar@) xam=0 respectively.
Therefore it follows that the focus and directrix of a parabola with equxﬁigmay (Q,are and

y +a = 0respectively.

So the focus has coordinates (0, 2) and the directrix has equ)a%iergy is in the formx? = day .

y+2=0 So4a:8,givesa:%:2.

Cc
¥ A
1
= — vy
5(0,2)
e O R il i
Y22

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Quadratic Equations
Exercise C, Question 1

Question:
The liney = 2x-3 meets the parabql%z 3x  atthe pdihendQ.

Find the coordinates (P andQ.
Solution:

Line: y=2x-3 (1)

Curve: y2 = 3X 2
Substituting(1) into (2) gives
(2x-3)% = 3x

(2x-3)(x-3)=3x

4x2—12x+9:3x
4x2-15¢+9=0

(x-3)4x-3)=0
x:3,g
4

When x=3, y=2(3)-3=3

When ng, y=2(§)—3=—g
4 4 2

Hence the coordinates BfandQ are (3, 3) ané%,—g) .

© Pearson Education Ltd 2C
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Quadratic Equations
Exercise C, Question 2

Question:

The liney =x+6 meets the parabq@: 32  atthe pogdB. Find the exact lengtAB giving your answer as a st
in its simplest forn

Solution:

Line: y=x+6 (1)
Curve: y2 =32x ()
Substituting(1) into (2) gives
(x+ 6)2 =32x

(x+6)(x+6) =32

X2+ 12x + 36 = 32«
X2 - 20x+36=0

(x-2)(x—-18)=0

x=2,18

When x=2, y=2+6=8.
When x=18, y=18+6=24.

Hence the coordinates AfandB are (2, 8) and (18, 24).

AB = (18-2)2+(24-8)2 Used = \ (% — %)% + (¥, - V).

= V168 +16
= J2(16Y

=162

Hence the exact lengAB is16V/2.

© Pearson Education Ltd 2C
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Quadratic Equations
Exercise C, Question 3

Question:

The liney =x-20 meets the parabql%: 10x  atthe poméndB. Find the coordinates éfandB. The mid-point of
AB is the poinM. Find the coordinates M.

Solution:

Line: y=x-20 (1)
Curve: y2 =10x ()
Substituting(1) into (2) gives
(x - 20)2 = 10x

(x = 20)(x— 20) = 10x

x2 — 40x + 400 = 10x
x2 - 50x + 400= 0

(x-10)(x-40)=0

x=10,40

When x =10, y=10-20=-10.
When x =40, y=40-20=20.

Hence the coordinates AfandB are (10, —10) and (40, 20).

The midpoint ofA andB is (10;40, _102+ 20) =(25,5) Use(%, %)

Hence the coordinates M are (25, 5

© Pearson Education Ltd 2C
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Question:

The parabol& has parametric equatiors: 6t> yz12t . The focu€is at the poins.

a Find a Cartesian equation Gf

b State the coordinates $fand the equation of the directrix@

¢ Sketch the graph .

The pointsP? andQ are both at a distance 9 units away from the directrix of the parabola.
d State the distandesS.

e Find the exact lengtRQ, giving your answer as a surd in its simplest form.

f Find the area of the triangPQS, giving your answer in the fork+/2, wherek is an intege

Solution:
a y=12
=Y
So t= > D
x=6t2 (2

Substitute(1) into (2):
2
X= 6(1)

12

2 2
So x= & simplifies tox = Y

144 24

Hence, the Cartesian equatiory?sr- 24x
b y2 =24x. So 4 =24, givesa = %’ =6.

So the focus$§ has coordinates (6, 0) and the directrix has equati@= 0

c
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B

The (shortest) distance oft® the line
X+ 6 = 0is the distanceqP

x+6=0
ThereforeXyP =9 .

The distance P% the same as the distance
%P, by the focus-directrix property.

Hence the distandeS=9
e Using diagram in (d), the-coordinate oP andQ isx=9-6=3.
Whenx = 3,y2 = 24(3)=72.

Hencey =72
=+/3642
=162

So the coordinates are BfandQ are(3,6+2) anq3,-62) .
As P andQ are vertically above each other then

PQ =62 --62
=12J2.

Hence, the distandeQ is12/2.

f Drawing a diagram of the triangRQS gives:
The xcoordinate oP and Qis 3 and thex
coordinate of Sis 6.
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o

12/2 |

'

S

Hence the height of the triangle is height
=6-3=3
The length of the baselig+/2
Area = 2(12/2)(3)
= 2(362)
=18/2.
Therefore the area of the triangle.8/2, wherek = 18.

© Pearson Education Ltd 2C
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Question:
The parabol& has equatiomr2 =4ax , whegeis a constant. The poiégtz, gt) is a general poin€on

a Find a Cartesian equation Gf

The pointP lies onC with y-coordinate 5.

b Find thex-coordinate oP.

The pointQ lies on the directrix o€ wherey = 3. The liné passes through the poiftsandQ.

c Find the coordinates ).

d Find an equation fdr giving your answer in the forax+ by + ¢ = 0, wherea, b andc are integers.
Solution:

a P(%tz, %t) Substitutingx = %tz ang = gt intgz2 =4ax gives,

2 2

5 50\ 25 > 25 5
—t =4a| -t —— =hat — =hba —=a
(2) (4 ):> 4 =2 =2

Whena= E,y2 = 4(§)x = y2 =5x
4 4
The Cartesian equation 6fis y2 = 5x.
- - 25 _ -
b Wheny—5,(5)2—5x: = =x=>x=5

Thex-coordinate oP is 5.

CAsa= %, the equation of the directrix Gfis x+% =0orx=-

Alon

Therefore the coordinates Qfare(—%, 3) .

d The coordinates d® andQ are (5, 5) ané—%, 3) .

_ _3-5 _ -2 _8
m=MPQ = A

8
| .y—S—E(x—S)
| :25y—-125=8(x-5)
|:25y-125=8x-40
|:0=8x-25y-40+125
|:0=8x-25+85
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An equation foll is8x—25y +85=0.
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Quadratic Equations
Exercise C, Question 6

Question:

A parabolaC has equatiomr2 =4x . The poiBtis the focus te.

a Find the coordinates &

The pointP with y-coordinate 4 lies of.

b Find thex-coordinate of.

The linel passes througBandP.

¢ Find an equation fdr giving your answer in the forax + by + ¢ = 0, wherea, b andc are integers.
The linel meetsC again at the poird.

d Find the coordinates @.

e Find the distance of the directrix C to the poiniQ.

Solution:

ay?=4x. Soda=4, givemr=2>=1 .

INIIFN

So the focus has coordinates (1, 0).
Also note that the directrix has equationl =0

b Substitutingy =4 into/2=4x gives:

16:4x:x:176:4.

Thex-coordinate oP is 4.
¢ The linel goes througls(1,0) anel(4,4)

4-0 _
4_

Hence gradient dfm = 1 C g

Hencey-0 = g(x -1)

3y =4(x-1)
y =4x-4
0 =4x-3y-4

The linel has equatioAx-3y—-4=0.
dLinel:4x-3y-4=0 (1)

Curve :y2 = 4x ()]

PhysicsAndMathsTutor.com
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Substituting(2) into (1) gives

y2 -3y-4=0

(y-4(y+1)=0

y=4,-1

At P, itis already known that=4 .So@ty=-1

Substitutingy = -1 intoy2 =4x gives

(—1)2 =4X=>Xx=

INJ

Hence the coordinates Q‘are(%,—l) .

e The directrix ofC has equatiom+1=0 or=-1 Q has coordinate%, —1) .

U
x=-1
0 x
- . e \
T 1 afl)
4 47

From the diagram, distansel+% = ;

Therefore the distance of the directrix®fo the poinQ is%.
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Exercise C, Question 7

Question:

The diagram shows the poiRtwhich lies on the parabofawith equationy2 =12 .

=}

%
'

y2=12x

The pointSis the focus o€. The point9Q andR lie on the directrix t&C. The line segmer®P is parallel to the line
segmenRS as shown in the diagram. The distanc®®fs 12 units.

a Find the coordinates & andS.
b Hence find the exact coordinatesRodndQ.

¢ Find the area of the quadrilatePQRS, giving your answer in the fork+/3, wherek is an intege
Solution:

12

ay?=1 Soda=12, givem = S =3.

Therefore the focuS has coordinates (3, 0) and an equation of the directi@i®k+3 =0 orx = -3. The coordinates of
R are (-3, 0) a® lies on thex-axis.

b The directrix has equatior= -3 . The (shortest) distanétofthe directrix is the distan€®). The distanceP =12 .
The focus-directrix property implies the® = PQ = 12

Therefore thex-coordinate oP isx=12-3=9.

As P lies onC, whenx = 9,y2 =12(9) = y2 =108

Asy>0,y=+108 = /363 =63 = P(9,6/3)

Hence the exact coordinatesPére(9, 6v3) and the coordinates@fare(-3, 6/3) .

c
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12
fmm-smmmessssmsmsssssssssssasssssssssssssss-eas -
AQ P
63 .
Tr s
R .
6
Area(PQRS :%(6+12)6\/§
=%(18)(6x/§)
= (9)63)
:54\/§

The area of the quadrilatelPQRS is 54+/3 andk = 54.
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Exercise C, Question 8

Question:

The pointsP(16, 8) andl(4, b), whereb < 0 lie on the parabalawith equationy2 =4ax .

a Find the values od andb.

P andQ also lie on the liné The mid-point ofQ is the poiniR.

b Find an equation df giving your answer in the form=mx+c , whereandc are constants to be determined.
¢ Find the coordinates .

The linen is perpendicular tband passes througdh

d Find an equation af, giving your answer in the forgp=nx+c , whameandc are constants to be determined.

The linen meets the parabof@aat two points.

e Show that the-coordinates of these two points can be written in the fom+ 413 , Whereu amedntegers to k
determinec
Solution:

a P(16, 8). Substituting =16 ang=38 inte? = dax gives,

(8)? = 4a(16) = 64 = 64a = a:% =1,

Q(4,b). Substitutingc=4 y=b and=1 intga2 =4ax gives,
b% = 4(1)(4)= 16 = b=+16 = b= +4. Asb < 0,b = 4.
Hencea=1b=-4.

b The coordinates d® andQ are (16, 8) anth,-4) .

l:y-8=1(x-16)
l:y=x-8
| has equatioly=x-8 .

16+4 8+-4
2 2

¢ R has coordinat

):(10,2) .

d Asnis perpendicular tg m, = -1

n:y-2=-1(x-10)
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n:y-2=-x+10
n:y=-x+12

n has equatioy = -x+12 .
eLinen: y=-x+12 (1)
ParabolaC: y? = 4x 2
Substituting(1) into (2) gives

(=x+ 12)2=4x

X2 — 12x - 12x + 144 = 4x
x2 - 28x +144=0

(x—- 147 - 196+ 144=0
(x-14¥-52=0

(x— 14 =52
x-14=+52
x-14=+J413
x-14=+2.13
x=14+2./13

Thex coordinates arx = 14+ 213,
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Exercise D, Question 1

Question:

Find the equation of the tangent to the curve
a y? = 4x at the point (16, 8)

b y2 = 8x at the point4, 4J2)

¢ xy = 25 at the point (5, 5)

d xy =4 at the point whereg =

N[~

e y2 = 7x at the point7, -7)
f xy = 16at the point where=2y2 .

Give your answers in the forax+by +c=0.

Solution:

aAsy>0 in the coordinates (16, 8), then

1
y2 =dx = y = Jax = JAJX = 2x2

Soy=2x2
dy 1y -1 1
&_Z(E)X 2 =X
So,ﬂ:i
dx X
_dy_ 1 1
At (16, 8),mT—dX T

T: y—8=%(x—16)

T:4y-32=x-16

T:0=x-4y-16+32

T:x-4y+16=0

Therefore, the equation of the tangentisty + 16 = 0.

b Asy >0 in the coordinateg, 4v2) , then

1
y?=8x=y=Bx = VBYX = VA2VX = 2/2x2
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1
Soy=2/2x2

_1 _
yzZ\/E(%)x 2=42x"2

dx
& _ 12
Tdx X
J2 _ 2
At(4,4\/§),m-|-=%=ﬁ27.

T:y-42 =%(x—4)
T:2y-8V2 =J2(x-4)
T:2y-8J2 =2x-42
T:0=2x-2y-4J2 +82

T:V2x-2y+4J2 =0

Therefore, the equation of the tangenf2x -2y + 442 = 0.

ny:25:>y:25x_1

& _ 2 25
e
At (5 5)m==-28-_25__4

"2 m"
T:y-5=-1(x-5)
T:y-5=-x+5
T:x+y-5-5=0
T:x+y-10=0

Therefore, the equation of the tangent4s/-10=0

dxy:4:>y:4x_l

dx X2
1 _dy_ 4 __ 4 __
Atx—z,mr . e (1) 16
)
1,4 _ 1
Whenx—z,y— 8= 2,8

y-8=-16(x-
T:y-8 16(x 2)
T:y-8=-16x+8
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T:16x+y-8-8=0
T:16x+y-16=0
Therefore, the equation of the tangeritis+y - 16 = 0.

e Asy<0 in the coordinatgg,-7) , then

1
Y2 = Tx = y = —J7X = —JTJX = —JTx2

1
Soy=-J7x2
¥ (2)cb L}
o - VT g el
oW - T
" dx 2JX
_ V7T _ 1
AL@ =) mr =g = 27 2

T: y+7=—%(x—7)

T:2y+14=-1(x-7)

T:2y+14=-x+7

T:x+2y+14-7=0

T:x+2y+7=0

Therefore, the equation of the tangentiy+7=0

fxy=16:>y=16x_1

dy - _ge2--16
™ 16x 2
Atx=2\/§,m|-=ﬂ:— 6 ___16_,
dx (2\/5)2 8
Whenx:zﬁ,yzl_ﬁzi:£:4\/§:>(2\/§’4\/§)

22 V2 J2V2
T:y-4J2 = -2x-2V2)
T:y-4J2 =-2x+4J2
T:2x+y-4J2-4J2 =0
T:2x+y-8J2 =0
Therefore, the equation of the tangerxis y - 82 = 0.
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Exercise D, Question 2

Question:

Find the equation of the normal to the curve
a y2 = 20x at the point wherg =10 ,

b xy=9at the poin(—g, —6) .

Give your answers in the forax + by + ¢ = 0, wherea, b andc are integers.

Solution:

a Substitutingy = 10 intoy2 = 20x gives
(10)2=20x:x=% =5 (5,10)

Asy>0, then

y? =20 = y = V20x = V20vX = V45X - 2052

1
Soy=25x2

_1 _
d—y—2\/§(%)x 2=J/5x"2

dx
0¥ _ 5
dx VX
d 5
At(5,10),mT=d—z—%:l

Gradient of tangent at (5, 10)rig = 1
So gradient of normal igy =-1 .
N: y-10=-1(x-5)
N: y-10=-x+5
N: x+y-10-5=0
N: x+y-15=0
Therefore, the equation of the normakisy-15=0
bxy=9=y= ox 1
d_ g 2=

)
dx X2
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:—3_:—4
) 9

(o))

3 dy 9
At x=-=mr=—==- =-
2 dx _3y2
%«

|

Ao

Gradient of tangent iﬁ%g.—G) sy = -4

So gradient of normal igy = :—1

1
7
N: y+6:%(x+§)

) _..3
N: 4y+24—x+E
N: 8y+48=2x+3
N: 0=2x-8y+3-48

N: 0=2x-8y-45

Therefore, the equation of the normais- 8y - 45=0.
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Exercise D, Question 3

Question:

The pointP(4, 8) lies on the parabola with equatiyﬁt 4ax . Find
athe value of,

b an equation of the normal @atP.

The normal taC atP cuts the parabola again at the p@nt=ind

c the coordinates dd,

d the lengttPQ, giving your answer as a simplified st
Solution:

a Substitutingc=4 ang =8 intg2 =4ax gives

(8= 4(@)(4) = 64=16a=> a= > =4

So,a=4.

b Whena =4, y? = 4(4)x= y2 = 16x..

ForP(4,8),y>0, so

1
y? = 16x = y = VI6x = V16X = 44X = 4x2

1
Soy=4x2
_1 _1

ﬂ—4(1)x 2=2X 2
dx 2
So,ﬂ:i

X VX

d 2 2

AtP(4,8),|’n-|-:d_i:ﬁ:E:l

Gradient of tangent &(4, 8) ismy = 1.
So gradient of normal &(4, 8) ismy =-1.

N: y-8=-1(x—4)

N:y-8=-x+4
N:y=-x+4+8
N: y=—x+12

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Further Pure Page2 of 2

Therefore, the equation of the normallatP is y = -x+12.
cNormalN: y=-x+12 1)
Parabola: y2 = 16x ()]

Multiplying (1) by 16 gives
16y = —16x+ 192
Substituting(2) into this equation gives
16y = -2

By = -y~ +192

y2+16y-192=0
(y+24)(y-8)=0

y=-24,8
At P, itis already known that=8 . So@f y=-24
Substitutingy = -24 intoy? = 16x gives

(=24 = 16x = 576 = 16x = X = 51—766 =36,

Hence the coordinates §fare(36,-24) .

d The coordinates d® andQ are (4, 8) an{36,-24) .

AB = /(36— 4)2+(-24-8)2 Used = || (%~ )2 + (¥, — Yp)2.
= 322+ (-32
= 2(32¢
-

=322

Hence the exact lengAB is 324/2.
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Exercise D, Question 4

Question:

The pointA(-2, -16) lies on the rectangular hyperhdlavith equationxy =32 .
a Find an equation of the normalltbat A.

The normal tdH at A meetsH again at the poiri.

b Find the coordinates B.

Solution:

axy=32=y=3x1

dy _ 55232
o - 9P

2 - - __32_ 32 __
At A(-2,-16),mr = R

Gradient of tangent a¥(-2,-16) s =-8

So gradient of normal &{(-2,-16) gy = :—; = %.

N: y+16=%(x+2)

N: 8y+128=x+2
N: 0=x-8y+2-128
N: 0=x-8y-126
The equation of the normal kb atA is x-8y—-126=0.
b NormalN: x-8y-126=0 Q)
HyperbolaH : xy=32 (2

Rearrangind?) gives
y=—

X

Substituting this equation int{d) gives

x—S(%) ~126=0

X - (ziG) ~126=0
X
Multiplying both sides b gives
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X2 - 256-126x = 0
X2 - 126x— 256 = 0
(x-128)(x+2)=0
X =128,-2

At A, itis already known that=-2 . SoBfx=128
- , 32 .
Substitutingx = 128 intoy = < dives

=32 _
Y 12

N

Hence the coordinates Bfare(lzs,%) .
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Exercise D, Question 5

Question:

The pointsP(4, 12) and)(-8, -6) lie on the rectangular hyperlidlaith equationxy = 48 .
a Show that an equation of the liR€ is3x-2y+12 =0.

The pointA lies onH. The normal td1 atA is parallel to the chorBQ.

b Find the exact coordinates of the two possible positio/A.

Solution:

a The pointsP andQ have coordinateB(4, 12) and)(-8,-6) .

Hence,y-12 = g(x— 4)

2y—-24 =3(x-4)

2y—-24 =3x-12
0 =3x-2y-12+24
0 =3x-2y+12

The linePQ has equatioBx-2y+12=0.

b From part (a), the gradient of the ch&@ is%

The normal tdH atA is parallel to the chorBQ, implies that the gradient of the normaHatA is%

It follows that the gradient of the tangentHatA is

dy -2 48
Yo _ge2=-48
dx x2
dy 48 2 48 _ 2
At A =2 =—-—"=-= — ==
M ™ 2 37 2 3

WhenXZGﬁ:y:ﬁ_fzm:4\/§
_ _ 48 _ -8 _ -8J2 _
Whenx = 6ﬁ:>y__—6ﬁ_ﬁ_—ﬁﬁ_ 42
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Hence the possible exact coordinated afe(6v2,4J2) or-6v2,-442).
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Exercise D, Question 6

Question:

V3

The curveH is defined by the equations= V3t y = . te Rt#0

The pointP lies onH with x-coordinate2/3 . Find:
a a Cartesian equation for the cuie

b an equation of the normal kbatP.

The normal tdH at P meetsH again at the poir®.

¢ Find the exact coordinates Q.

Solution:

axy:\/§t><[\/§j

ot
Xy=—
Hence, the Cartesian equationtbfs xy = 3.

b xy::%:y=3x_1

Y- _g2-_3
i 33X “= 2
3 3 1
AtXZZﬁ,mr:ﬂ:— =" =-=
dx (2@)2 12 4
Gradient of tangent & ismy = —%.
So gradient of normal & ismy = )

)

At P, whenx=2J3,=2/3=/3t=t=

%

23=2
3

QI

Whent = 2,y = 73 - P[Zﬁ,gj.

N: y—g =4(x-2/3)
N: 2y - /3 =8(x - 2V/3)
N: 2y-3 =8x-16J3
N: 0=8x-2y-16J3 ++/3
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N: 0=8x-2y-15V3
The equation of the normal kb atP is8x - 2y - 153 = 0.
c NormalN:; 8x-2y-153 =0 (1)

HyperbolaH: xy=3 2

Rearrangind?2) gives

<
1
< |w

Substituting this equation int{d) gives

8x—2(§)—15\/§ =0

8x - ( ) 15/3 =0
Multiplying both sides by gives

8x()15\/§—0

8x%-6-15V3x =0
8x2 - 153x-6 =0

At P, it is already known that=23 , 8-2J3) is a factor of this quadratic equation. Hence,

(x=2y3)(8x++/3) =0

x=2J3(atP) or x= —%(at Q).
At P, whenx = %2——\/—t:>t_%: %

Whent = 1
8

Ly= B =8/E o Q(—%ﬁ,—sﬁ).

Hence the coordinates Q‘are( =J3, —8J—)
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Exercise D, Question 7

Question:

The pointP(4t2, 8t) lies on the parabalawith equationy2 =16x . The poirR also lies on the rectangular hyperbHla
with equatiorxy =4 .

a Find the value of, and hence find the coordinatesof
The normal tdH at P meets the-axis at the poini.

b Find the coordinates of.

The tangent t& atP meets the-axis at the poinT.

¢ Find the coordinates df.

d Hence, find the area of the trianINPT.

Solution:

a Substitutingx = 4t ang =8t intey=4 gives

4

(@) =4=32°=4=13= 2

SOI=§/@.

2
Whent = 5 X 4(2) 1.

N
|-

=1 y-g(1)=
Whent = 5y 8(2) 4.
Hence the value dfis% andP has coordinates (1, 4).

bxy=4:>y=4x_1

Gradient of tangent &(1, 4) ismr =-4.

1.1
-4 4°

So gradient of normal #&(1, 4) ismy =
N:y-4= %(x—l)

N: 4y-16=x-1
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N: 0=x-4y+15
N cutsx-axis=>y=0=0=x+15=x=-15
Therefore, the coordinates Mfare(-15, 0).

cForP(1, 4),y>0, so

1
y? = 16x = y = VIBK = VIBYX = 4JX = 4JX = 4x2

1
Soy=4x2
dy _ (1),-1_, -1
Pl (2)x 2=2X 2
dy_ 2
"dx X
-2 _2_
AtP(1,4),mr—dx A1 2

Gradient of tangent &(1, 4) ismr =2.
T:y-4=2(x-1)

T:y-4=2x-2

T:0=2x-y+2

T cutsx-axis=> y=0=0=2x+2=>x=-1
Therefore, the coordinates dfare(-1, 0) .

d

N{-15,0)

T(-1,0)

Using sketch drawn, Are&d NPT = Area(R+S) - Area(9

-1 _1
= 5(16)4)- (@)
=32-4
=28
Therefore, AreiA NPT =28
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Exercise E, Question 1

Question:

The pointP(3t2, 6t) lies on the parabolav@th equationy? = 12x .
a Show that an equation of the tangent tat®is yt = x + 3t2.

b Show that an equation of the normalto Cas R +y = 33+ 6t
Solution:

1
aC y?=12x= y=+/12x = +J/4J3JX = +2J3x2

1
Soy =+2./3x2

So,ﬂ—iﬁ
dx IX

2 B i TN I |

At P(3t?, 6t),m|-—dx—i\/?—i\/§t—t.

T: y—6t=%(x—3t2)

T:ty-6t2=x-3t2

T: yt=x—3t2+6t2

T: yt=x+3t2

The equation of the tangent to C aisBit = x+3t2.

b Gradient of tangent ®(3t2, 6t) sy =

So gradient of normal &(3t%, 6t) gy = — = t.

N: y-6t=—t(x-3t9

N: y- 6t = -tx+ 3t

N: xt+y = 3t3+6t.

The equation of the normal to C aisxt +y = 3t3+6t.
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Exercise E, Question 2

Question:

The pointP(6t, %) t# 0, lies on the rectangular hyperbolanith equationky = 36 .

a Show that an equation of the tangent tatHPis x +t% = 12t.

b Show that an equation of the normal tatPis t - ty = 6(t4— 1).

Solution:

aH:xy=36=y=36x1t

dy - _ge2-_36
o 2
6 dy _ 36 _ 36 _ 1
AtPGt,—, - =-———F=-——F=-—
© D= 62 36> 2
T: y—? =-2(x-6t) (Now multiply both sides by )
t

T: ty - 6t = -(x - 61)

T: t%y -6t = -x+6t

T: x+t2y=6t+6t

T: x+t2y= 12t

The equation of the tangent toati Pis x +t% = 12t.

b Gradient of tangent &(6t, ?) sy = -

So gradient of normal E(6t, ?) gy = e =t
)

N: y—? =t%x-6t) (Now multiply both sides by)t

N: ty - 6 = t3(x - 6t)

N: ty-6=tx-6t*

N: 6t*-6 =t -ty

N: 6(t*- 1) =t -ty

The equation of the normal to&d Pis t -ty = 6(t* - 1).
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Question:

The pointP(5t2, 1) lies on the parabdlawith equationy2 =4ax , whera is a constant and 0
a Find the value oé.

b Show that an equation of the tangenCtatP is yt = X+5t2.

The tangent t& atP cuts thex-axis at the poinK and they-axis at the poin¥. The pointO is the origin of the
coordinate system.

¢ Find, in terms ot, the area of the triangOXY.

Solution:
a Substitutingx = 5t ang =10t intg® =4ax gives

2
(1002 = 4@)(5t%) = 1002 = 20%a = a= 2 =5
20

So,a=5.
b Whena = 5,y = 4(5)x = y? = 20x.

1
C: y? =20k = y = +/20x = +J4/5 X = +2/5x2

1
Soy=+25x2

Ty-100= 2(x-509)

T: ty-10t° = x - 5t

T: yt=x-5t2+ 102

T: yt=x+ 5t2

Therefore, the equation of the tangenCtatP is yt = X +5t2.

For(at?, 2at) ony? = 4ax
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We always get%(yz) =4a

dy _2a_2a _1

—~ =g =—=—"==
2ydx dx y 2ac t

cT: yt=x+5t2

T cutsx-axis= y=0= 0= x+5t2 = x = -5t2
Hence the coordinates Hfare(—5t2, 0).

T cutsy-axis= x= 0= yt =5t° = y = 5t
Hence the coordinates ¥fare (0, ).

¥ A

X (-5t2, 0) o

it =

Y (0, 5t)

Using sketch drawn, Area\ OXY = %(5t2)(5t)

=2
2

3

Therefore, Area OXY = 275@
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Exercise E, Question 4

Question:

The pointP(at? 2at) 1# 0, lies on the parabolar@th equationy? = 4ax , where a is a positive constant.
a Show that an equation of the tangent tat®isty = x + at2.

The tangent to @t the point Aand the tangent to & the point Bneet at the point with coordinatega, 3a)

b Find, in terms oa, the coordinates (A and the coordinates B.

Solution:
1
a.C:y2= dax = y = +Aa = VAAX = 20aK2

1
Soy=2vax2

N[

_1 _

¥ 2ﬁ(l)x 2 = Jax
dx 2
Soyﬂ = ﬂ
dx IX

dy _ va

2 === :ﬂ
At P(at”, 2at),m|-—dx \/F At 1

T:y-2at= tl(x—atz)

T: ty—2at2=x—at2

T:ty= x—at?+ 2at?

T:ty=x+ at?

The equation of the tangent toa€Pisty = x + at?.

b As the tangent Goes througlt4a, 3a) , then substitute -4a  and3a into T
t(3a) = -4a+ at?

0=at’-3at-4a

t2-3t-4=0

(t+1)t-4)=0
t=-1, 4

Whent = -1 ,x= a(—l)2 =a,y=2a(-1)=-2a= (a, -2a).
Whent = 4 x = a(4)? = 163, y = 2a(4) = 8a = (16a, 8a).
The coordinates of And Bare(a, —-2a) and (16a, 8a).
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Question:

The pointP(4t, %) 1# 0, lies on the rectangular hyperlighaith equationxy = 16 .

a Show that an equation of the tangenCtatP is x + téy = 8t.

The tangent tdl at the poinfA and the tangent tid at the poinB meet at the poirX with y-coordinate 5X lies on the
directrix of the parabol& with equationy2 = 16X .

b Write down the coordinates f
¢ Find the coordinates @& andB.

d Deduce the equations of the tangentd twhich pass througK. Give your answers in the forar + by + ¢ = 0, wherea,
b andc are integer:

Solution:

aH:xy=16:>y=16x_1

& _ge2--16

dx X2

6 _ 16 _ 1

4 dy
AtP@t, S)mp=2t=-"2 =2 =
@D =g @? 12t

T:y-

—~ |

= —iz(x—4t) (Now multiply both sides btf J)
t

T: t3y - 4t = —(x - 4t)
T:ty -4t = -x+4t
T: x+t%y =4t +4t
T: x+t2y=8t

The equation of the tangentkbatP is X+t2y =8t.

by2=16x. So4a=16,give$1=1746=4 .

So the directrix has equatiar4=0 ot -4

Therefore aX, x = -4 and as stategl=5

The coordinates of are(-4, 5).

cT: x+tiy =8t

As the tangent goes througl-4, 5) , then substitute -4 a5 into
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(-4) +12(5) = 8t

5t2-4= 8t

5t2-8t-4=0

(t-2)(5t+2)=0
2

t=2, -=
5

Whent:2,x=4(2):8,y=%=2:>(8, 2).

4

— 2 o8 4 _8 _
Whent = 5 X 4( 5) £ 10=( c 10).

)

The coordinates ok andB are (8, 2) and—% -10) .

d Substitute =2 ant= —é intd to find the equations of the tangentsddtthat go through the poiikt

Whent=2,T: x+4y=16=x+4y-16=0

2
Whent = _2 T x+ (_Z) y= 8(—3)
5 5 5

T: x+iy:—E
25 5

T: 25x+4y=-80

T:25+4y+80=0

Hence the equations of the tangentsxardy — 16 = 0 and25x + 4y + 80 = 0.
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Question:

The pointP(atz, 2at) lies on the parabdlawith equationy2 =4ax , whera is a constant andz 0 . The tangenCtatP
cuts thex-axis at the poin#.

a Find, in terms of andt, the coordinates @&.
The normal taC atP cuts thex-axis at the poinB.
b Find, in terms of andt, the coordinates d.

¢ Hence find, in terms ca andt, the area of the triangAPB.

Solution:

1
aC: y? =dax =y =+J4ax = V4VaJX = 2/ax2

1
Soy=2/ax2
_1 _1
d—y=2\/ﬁ(3)x 2=.Jax 2
dx 2
dy _ va
"dx X
2 —d—y: va :—\/E :1
At P(at<, 2at),m|-—dx \/; NS

T y—231=?1(x—at2)

T: ty-2at?=x-at?
T:ty=x-at?+2at?

T: ty:x+at2

T cutsx-axis= y=0. So,
0=x+a12:x=—at2

The coordinates o4 are(-at2, 0).

b Gradient of tangent at(atz, 2at) sy =T1
So gradient of normal &{(atz, 2at) gy = & =t

N: y-2at = —t(x - at?)
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N: y—2at:—tx+a13

N cutsx-axis= y=0. So,

0-2at = —tx +at>
tx = 2at + at3

X = 2a+at2

The coordinates d8 are(2a +at2, 0).

c
Ya
P{at?, 2af)
A{—-atZ, 0) B{2a+ at?, 0)
Y
\
A i
2af2 + 2a
Using sketch drawn, AreaAPB = %(2a+2at2)(2at)
= at(2a+2atd)
= 2a%(1+t9

Therefore, Area APB = 2a%(1 +t9)
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Question:

The pointP(th, 4t) lies on the parabdfawith equationy2 =8x .

a Show that an equation of the normalt@tP is xt +y = 23+ 4t.
The normals t& at the point&k, SandT meet at the point (12, 0).
b Find the coordinates &, SandT.

¢ Deduce the equations of the normalC which all pass through the point (12,

Solution:
1
aC: y2:8X:>y:i\/8_:\/Z\/§\/_:2\/§X§
1
Soy=22x2

1
Yoz (E)x‘i =2x72
dx 2

dy _ V2
Tdx  JX
dy _ V2 J2 1
At P2 4t),mp == Y - Ne -2
(2%, 40, mr dx [x2 V2t ot

Gradient of tangent &(2t%, 4t) sy :tl

So gradient of normal &(2t%, 4t) gy = (_— = .

)

N: y—4t:—t(x—2tz)

N: y—4t=—tx+2t3

N: xt+y:2t3+4t.

The equation of the normal @atP isxt+y = 23+ 41,

b As the normals go through (12, 0), then substituta2 yanal Ninto
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(12)t+0= 23+ 4t

12t = 263+ 4t

0=2t3+4t-12t

0=23-8t

t3-4t=0

t(t2-4)=0

tt-2)(t+2)=0

t=0, 2, -2

Whent=0, x=2(0=0, y=4(0)=0 = (0, 0)
Whent=2, x=22P=8  y=4(2)=8 = (8, 8)
Whent=-2, x=2(2°%=8  y=4-2)=-8 = (8, -8).
The coordinates d®, SandT are (0, 0), (8, 8) an@, -8)
C Substitute =0, 2, -2 intot+y= 2t3+ 4t. to find the equations of the normalsHdhat go through the point (12, 0).
Whent=0,N: 0+y=0+0.=>y=0

Whent =2 ,N: x(2) +y =2(8)+4(2)

N: 2x+y=24

N: 2x+y-24=0

Whent = -2 ,N: x(-2)+y =2(-8) +4(-2)

N: —2x+y=-24

N: 2x-y-24=0

Hence the equations of the normalsared 2x+y-24=0and2x-y-24=0.
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Question:

The pointP(atz, 2at) lies on the parabdlawith equationy2 =4ax , whera is a positive constant amé¢t 0 . The tangent
to C atP meets thg-axis atQ.

a Find in terms of1 andt, the coordinates d.
The pointSis the focus of the parabola.
b State the coordinates &f

¢ Show thaPQ is perpendicular tSQ.

Solution:
> 1
aC: y* =dax=y=J4ax = J4/aJx = 2vax2

1
Soy=2/ax2

_1 _1
¥ =2\/5(1)x 2=.Jax 2
dx 2

Ja

Jat?

2 _ Oy _
At P(at4, 2at), mp= =

~ [

afs

T y—231=?1(x—at2)
T: ty-2at?=x-at?
T:ty=x-at?+2at?
T: ty:x+at2

T meetsy-axis= x=0. So,

2
ty:0+at22y:%:>y:at

The coordinates dp are (0.at).
b The focus of a parabola with equatiy)?n: 4ax  has coordinated.(
So, the coordinates &are @, 0).

c P(at?, 2at), Q(0, at) andS(a, 0).
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M =

= =—-——=-.
TQ a-0 a

Thereforempg x mgg = % x—t=-1

SoPQ is perpendicular tSQ.
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Question:

The pointP(6t2, 12t) lies on the parabdlawith equationy2 =24x .

a Show that an equation of the tangent to the parab&lasay = x + 6t2.
The pointX hasy-coordinate 9 and lies on the directrix@f

b State thex-coordinate ofX.

The tangent at the poiBton C goes through poirX.

¢ Find the possible coordinatesB.

Solution:
1
aC:y? = 24x =y = +J24x = V46X = 2/6x2
1
Soy=2/6x2

& 2\/6(%)X% = \/Ex'%

dx
Oﬂzﬁ
"dx  JX
d V6 _ V6 _1

T:y-12= %(X—Gtz)

T: ty—12tz= X — 6t2

T:ty= x - 6t2+12t2

T:ty=x+ 6t2

The equation of the tangent@atP isty = x+ 6t2.
b y? = 24x. Soda =24, givea = 2—44 =6 .

So the directrix has equatiar 6 =0 or 6
Therefore ak, x = -6.

cT:ty=x+ 6t2 and the coordinates fare(-6, 9).

As the tangent goes througi-6, 9) , then substitute -6  arne9 into
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£(9) = -6 + 6t2

0=6t2-9t-6

2A2-3t-2=0

t-2)(2+1)=0
1

t=2, -=
2

Whent=2, x=6(2F=24, y=12(2)=24= (24, 24).

2 2’

2
==L y=6(-1) =2, y=12(-1)=-6= (3 -
et =1 x=o(-) =2, y-1-1) =5 (3, -o)

The possible coordinates Bfare (24, 24) anég, —6)
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Question:

A parabolaC has equatiomr2 =12x . The poifstis the focus of.

a Find the coordinates &

The linel with equationy = 3x intersects at the poinf wherey >0.
b Find the coordinates &f.

¢ Find the area of the triangOPS, whereO is the origin
Solution:

ay2:12x. So4a:12,give$1:1742:3 .

So the focus$ has coordinates (3, 0).
b Linel: y=3 (1)

ParaboleC: y2:12x ()]
Substituting(1) into (2) gives

(3x)2 = 12x
ox? = 12x

™2-12x=0
3X(3x-4)=0

x=0,ﬂ
3

Substituting these values wback into equatiofil) gives

x =0,y = 3(0) 0= (0,0)

=4 =34 4
x-3,y-3(3) 4:(3,4)

As y >0, the coordinates &f are(%, 4) .
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Ya
f
4
p(2 4)
\3
4
Y 5(3,0)
R e E LT, X
0 3 X
Using sketch drawn, AreaOPS = %(3)(4)
_ 1
= 5(12)
=6

Therefore, AreiA OPS=6
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Exercise F, Question 2

Question:

A parabolaC has equatiomr2 =24x . The poiRtwith coordinatesk 6), wherek is a constant lies o@.
a Find the value ok.

The pointSis the focus o€.

b Find the coordinates &

The linel passes througBandP and intersects the directrix Gfat the poinD.

¢ Show that an equation fbrs 4x+ 3y -24=0.

d Find the area of the triancOPD, whereQ is the origin

Solution:
a (k, 6) lies ony? = 24x gives

62 = 24Kk = 36 = 24k = 0 =k = k=2,
24 2

b y2 = 24x. Soda =24 , givem = 2744 =6 .
So the focus has coordinates (6, 0).
¢ The pointP andS have coordinateB(g, 6) arg6, 0).

0-

|03
1
1
mlco|o,
11
|
11
|

IS
wls

m =nps=

[¢]

N w

I: y-0= —%(x—6)

I: 3y=-4(x-6)

I: 3y=-4x+24

I: 4x+3y—-24=0

Therefore an equation foiis 4x + 3y - 24=0.

d From (b), as =6 , an equation of the directrix#s6=0 xer-6 . Substituting6 | mitees:

4(-6)+3y-24=0
3y=24+24

3y =48

y=16
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Hence the coordinates Dfare(-6, 16).

Ya
D (-6, 16)
16 | /3
F’uz'ﬁ)

: R /
y ° 7% UN\_S6.0)_
e il b-—z

15

?

Using the sketch and the regions as labeled you can find the area required. LeOPDeaArea(R

Method 1
Area(R = Area(RST) — Area(S) — Area(T)
= Zas+o(2)-2eae-3(2)e

- %(22)(%) - (3)(16)- (2)(3)

- (2)--()

= 30
Therefore, Area OPD = 30
Method 2

Area(R = Area(RSTU) - Area(S — Area(TU)
~(12)(16)- 2(6)(16)- 5(6)©®)

96-48-18
30

Therefore, AreiA OPD = 30
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Question:

The parabol& has parametric equatiors: 122 ys24t . The focu€ie at the poin&
a Find a Cartesian equation Gf

The pointP lies onC wherey >0 P is 28 units frons,

b Find an equation of the directrix 6f

¢ Find the exact coordinates of the pdmt

d Find the area of the triancOSP, giving your answer in the fork+/3, wherek is an intege

Solution:

a y = 24t
=Y

So t= 2 Q)
x=122 (2)

Substitutg(1) into (2):

2
X = 12(1)
24

122

2
So x=-2 simplifies toc = L
576

Hence, the Cartesian equation®is y2 = 48x.

48

b y? = 48x. Soda = 48, gives = =12

Therefore an equation of the directrix@fs x+12 =0 orx=-12.

c

From (b), as = 12 , the coordinates of S, the focu€ e
(12, 0). Hence, drawing a sketch gives,

Pagel of 2

The (shortest) distance oft® the
line x = -16is the distance XP

The distanc&P = 28 .

The focus-directrix property implies

thatSP = XP =28

The directrix has equation=-12
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Ay Therefore the xcoordinate of Rs
Xx=28-12=16.
X 16—+{+12—p

=Y

y? = 48x
x=-12

Whenx = 16,y? = 48(16)= y° = 3(16Y

Asy >0, theny = 1/3(16Y = 164/3.
Hence the exact coordinatesRoire(16, 161/3) .

d
vk P (16, 16./3)
I
' 16,3
A !
B
' =
o) 5(12,0) X
4 -

Using the sketch and the regions as labeled you can find the area required. LLeO&reaAread)

Aread) = Area(AB) - Area(B
- %(16)(16\/5) —%(4)(16\/5)

= 1283 -32/3
= 96\/§

Therefore, AreiA OSP = 963 andk = 96.
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Question:

The point(4t2, 8t) lies on the parabdlawith equationy2 =16x . The linewith equatiomx - 9y + 32 = 0 intersects the
curve at the pointB andQ.

a Find the coordinates & andQ.

b Show that an equation of the norma[lat(4t2, 8t) isxt+y= 43+ gt

¢ Hence, find an equation of the normall@t P and an equation of the normalGaat Q.
The normal taC atP and the normal t€ atQ meet at the poirRR.

d Find the coordinates &t and show thaR lies onC.

e Find the distancOR, giving your answer in the fork/97, wherek is an intege

Solution:

aMethod 1

Line: 4x-9y+32=0 (1)
ParaboleC: y2 =16x (2)

Multiplying (1) by 4 gives
16x-36y+128=0 (3)
Substituting(2) into (3) gives

y2 - 36y +128=0

(y-4)y-32)=0
y=4,32
Wheny=4, 4 =16x :x:g:1 = (1,4)

Wheny =32, 32 = 16x :x:%‘:m — (64,32)

The coordinates d® andQ are (1, 4) and (64, 32).
Method 2

Line: 4x-9y+32=0 (1)

ParaboleC: x = 4t?, y=28t 2

Substituting(2) into (1) gives
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442 -9(8t) +32=0
162-72t+32=0

2A2-9t+4=0
@t-1)(t-4)=0

2
Whent =~ x—4(2) 1, vy 8(2) 4 = (1,4).
Whent=4, x=4(4° =64, y=8(4)=32 = (64,32).

The coordinates d® andQ are (1, 4) and (64, 32).
1
b C: y?=16x = y = V16x = V16X = 4x2

1
So y=4x2
& (L) h = o
vl (2)x 2=2x 2

Solﬂ = i
dx X

2 —ﬂ:—:—:_
At(4t,8t),mT—dX \/P x T

Gradient of tangent &4t2, 8t) sy :Tl

So gradient of normal #&t2 8t) gy = (_—1 = .

)
t
N: y-8t = —t(x- 49

N: y-8t=—tx+4t>

N: xt+y:4t3+8t.

The equation of the normal (C)at(4t2, 8t) isxt+y= 43+ 8t

¢ Without loss of generality, from part (B)has coordinates (1, 4) when % dpdhas coordinates (64, 32) when4

Whent =

wolE) =) o)

1 1
D IXx+y=Z+4
NEx+y =3

N

N: x+2y=1+8
N: x+2y-9=0

Whent = 4,
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N: x(4)+y=4(4)>+8(4)

N: 4x+y =256+ 32

N: 4x+y-288=0

d The normals t&€ atP and atQ arex+2y-9=0 andix+y-288=0

N,: Xx+2y-9=0 (1)

N, 4x+y-288=0 (2)

Multiplying (2) by 2 gives

2x(2): 8x+2y-576=0 (3)

(3-(1): 7x-567=0
37x:5672x=5767:81

(2=  y=283-4(81)=288-324=-36

The coordinates dR are(81,-36).

Wheny = -36,LHS = y2 = (-36)° = 1296

Whenx = 81,RHS=16x = 16(81)= 1296

As LHS=RHS, R lies onC.

e The coordinates @@ andR are (0, 0) and (8136 ).

J81-072+(-36-0) 7

\/Sf + 362
J7857
JEDEN
JB197
997

OR

Hence the exact distanOR is9+97 andk = 9.
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Question:

The pointP(atz, 2at) lies on the parabdalawith equationy2 =4ax , whera is a positive constant. The pof@tlies on the
directrix of C. The pointQ also lies on the-axis.

a State the coordinates of the focusCodind the coordinates Q.
The tangent t& atP passes through the poigt

b Find, in terms oa, the two sets of possible coordinate:P.

Solution:
The focus and directrix of a parabola with equa;i%n 4ax , ar@)(andx+a=0 respectively.
a Hence the coordinates of the focusCodire @, 0).

As Q lies on thex-axis theny =0 and s@ has coordinatesa, 0)

1
b C: y? = 4ax = y = Vaax = V4 vavx = 2/ax2

1

Soy=2/ax2
_1 _1
d—y=2\/§(£)x 2=vax 2

dx 2

dy _va

Tdx WX

Ja Ja 1

2 —ﬂ:—Z—:_
AtP(at,Zat),mT—dX \/g =T

T: y-2at= %(x—atz)

T: ty—2at2:x—at2

T: ty:x—at2+2at2
T: ty:x+at2
T passes througka, 0) , so substitute-a y=0 Tin
t(O):—a+at2:>0=—a+at2:0:—1+t2
S0,t2-1=0= (t-1)(t+1)=0=t=1,-1

Whent=1, x=a(l’=a, y=2a(l)=2a = (a 2a).

Whent=-1, x= a(—l)2 =a, y=2a(-1)=-2a= (a,-2a).
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The possible coordinates P are a, 2a) or (a, —2a).
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Question:

The pointP(ct, %) c>01%20, lies on the rectangular hyperbdlaith equationxy = c? .

a Show that the equation of the normaHa@t P ist3 - ty = c(t4— 1).

b Hence, find the equation of the normab the curve/ with the equatiorxy =36 at the point (12, 3). Give your answer
in the formax+ by =d , where, b andd are integers.

The linen meetsV again at the poir.

¢ Find the coordinates Q.

Solution:
aH:xy=c?=y=cX"
2

Yoo x2=C
dx x2

d c? c? 1
At P(Ct,E), =2 =0 2 = =
t mr dx (Ct)2 C2t2 t2

Gradient of tangent &t(ct, %) isy = -2

So gradient of normal m(ct %) iy = —— =t2

N: y—% =t%x-ct) (Now multiply both sides by)

N: ty—c=t3(x—ct)

N: ty-c=tx-ct?

N: ct?-c=tXk-ty

N: t-ty=ct®-c

N: tx -ty = c(t*- 1)

The equation of the normal kb atP ist -ty = c(t* - 1).

b Comparingxy = 36 withxy = 2 gives=6 and comparing the point (12, 3) (mg) gives
ct=12= (6)t =12 =t = 2. Therefore,

n: (9%~ @y=6(2"-1)
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n: 8x-—2y=6(15)

n: 8x-2y=90

n: 4x-y=45

An equation fom is4x -y = 45.

¢ Normaln: 4x-y=45 (1)
HyperbolaV: xy = 36 2

Rearrangind?) gives

y:?

Substituting this equation int{d) gives

ax— (ﬁ) =45
X

Multiplying both sides by gives

4x2 - 36 = 45¢

4x% - 45x-36=0
(x-12)(4x+3)=0

X= 12,—E
4

Itis already known that=12 . So & x = —%.

Substitutingx = —% intoy = % gives

y= o= —36(%) = 48,

)

Hence the coordinates Q‘are(—

Nlw

Nlw

) —48) .
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Question:

A rectangular hyperbola Has equatiorxy=9 . The lindg aid are tangents.tdhe¢ gradients df arigd are bet%l . Find the
equations ofp ang .

Solution:
H: xy = —ov-1
IXy=9=y=9%

ﬂ = —9)(_2 = —i
dx X2

Gradients of tangent linés and arebo};h implies

ENE

9o _
X2
=x%=36

= x=+/36

= X=16

= — —| = :_g :—E —| —E

Whenx=-6, 6y=9 =y i 3(6, 2).
3 =-1

At (6,5), mr=-7 and

cy-3 o1

Ty > 4(>< 6)

T: 4y-6=-1(x-6)
T: 4y-6=-x+6

T: x+4y-12=0

3 —
At (—6,—5), mr=-7 and

T: y+g=—%(x+6)
T: 4y+6=-1(x+6)
T: 4y+6=-x-6
T: x+4y+12=0

The equations fdi argd axe 4y-12=0andx+4y+12=0.
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Question:

The pointP lies on the rectangular hyperboda= c® ,where0 .The tangent to the rectangular hyperbola at the point
P(ct, %) t > 0, cuts thex-axis at the poinK and cuts thg-axis at the poinY.

a Find, in terms ot andt, the coordinates of andY.

b Given that the area of the trianlOXY is 144, find the exact value c.

Solution:

aH: ><y:c2:>y:c2x_1

2
Yoo x2=C
dx x2

2

dy__ P
() %2

At P(ct,%),mr

,—>N| -

T y—% = —iz(x—ct) (Now multiply both sides by?.)
t

T: tzy—ct:—(x—ct)

T: ty-ct=—x+ct

T: x+t2y=2ct

T cutsx-axis=>y=0= x+t2(0):20t:>x=20t
2ct _ 2c

T cutsy—axis:x:0:0+t2y:2ct:y:—2 =T
t

So the coordinates akg2ct, 0) andY(o,%) .

b
¥ A
2c
N V{D"TP )
2¢ |
2
i X (2¢t, 0)
ol R L e R e - ..5-['
2ct
Using the sketch, areOXY = %(2ct)(%) = %2[ = 2c2
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As arear OXY = 144 , the@c? = 144 = c2 =72
Asc>0,c=+72 =362 =642.
Hence the exact value c is6+/2.
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Question:

The pointsP(4at2, 4at) anQ)(lGatz, 8at) lie on the parabol€& with equationy2 =4ax , whera is a positive constant.
a Show that an equation of the tangenCtatP is 2ty = x + 4at?.

b Hence, write down the equation of the tanger@ &1 Q.

The tangent t& atP meets the tangent @atQ at the poinR.

c Find, in terms oa andt, the coordinates (R.

Solution:
1
aC:y?=4ax=y=+Jdax = VA aX = 2vax2
1
Soy=2vax2
1
dy _ 2\/5(3){5 =Jax 2
dx 2

dy _va
"dx

X

2 —ﬂ:—ﬁ :—\/ﬁ :i
At P(4at”, 4at), mr o o 2vat

T: y-dat= %(x—4at2)

T: 2ty- 8at? = x - 4at2

T: 2ty= x — 4at? + 8at2

T: 2ty= X + dat?

The equation of the tangent@at P(4at2, 4at) iS2ty = x+ dat? .
b P has mapped ont@ by replacing by 2, ie.t - 2t
So,P(4at? 4at) — Q(16at2 8at) = Q(4a(2t), 4a(2t))

At Q, T becomeg(2)y = x + 4a(2t)2

T: 2(2)y = x + 4a(2t)?

T: 4ty=x+ 4a(4t2)

T: 4ty=x+16at2
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2

The equation of the tangent(tbatQ(lGatZ, 8at) isdty = x+16at“ .

cTy 2ty:x+4at2 (1)

TQ: 4ty = x + 16at2 2
(2) - (1) gives
2ty = 12at2

2
Hence,y = % = 6at.

Substituting this int@l) gives,
2t(6at) = x + 4at?

12at? = x + 4at®

12at? - 4at? = x

Hencex =8at? .

The coordinates dR are(8at?, 6at) .
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Question:

A rectangular hyperbold has Cartesian equation = 2c>0 .The p((icnt %) , Wheré t>Q is a general point on
H.

a Show that an equation an equation of the tangdﬁtat(ct, %) isx+t%y=2ct .

The pointP lies onH. The tangent tbl atP cuts thex-axis at the poinK with coordinates @, 0), wherea is a constant.

2
b Use the answer to patto show thaP has coordinate{a, %]

The pointQ, which lies orH, hasx-coordinate 2.

¢ Find they-coordinate ofQ.

d Hence, find the equation of the li@¥), whereO is the origin.
The linesOQ andXP meet at poinR.

e Find, in terms o#, thex-coordinate oR.

Given that the lin@®©Q is perpendicular to the lineP,

f Show that? = 2a2 |,

g find, in terms ofa, they-coordinate oR.

Solution:

aH: ><y:c2:>y:c2x_1

Y _ 2o
=X 2=

x

T: y-

<
t

=-S(x-ct) (Now multiply both sides bf2.)
t

T: t2y—ct:—(x—ct)
T: t2y—ct=—x+ct
T: x+t2y=2ct

An equation of a tangent td)at(ct, %) isx+t2y= 2ct .
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b T passes througk(2a, 0), so substitute=2a,y =0

(2a)+t2(0):2ct:>2a:2ct:>§:t:t:%

Substituta:% int((ct,%) gives

P c(%)é = P[a, %2}

HenceP has coordinateB[a, %}

¢ Substituting« =2a into the curvd gives

C2

_ 2 —
(2a)y=c"=y= o

They-coordinate oR isy = %.

d The coordinates dd andQ are (0, 0) anéZa E—J

2
C
Mo :5 0: 02 :C—2
Q™ 2a-0  2aa) 222

C2
OQ: y—OZE(X_O)

2
0Q:y=<3. (1)
4a
. K&
The equation 0OQisy = -
4a

e The coordinates of andP are (2, 0) anc(a, %J .

2 2

C C

-0 = 2

a —a __C
a2

2
XP:y-0=-=(x-2a)
a

2
XP: y= —C—z(x— 2a) (2)
a

Substituting(1) into (2) gives,

N

CZX C
=-—(x-2a
2 2%

N

2
Cancelling, gives,
a
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X

—=—(x—-2a

5 =~(x-2a)

X=—x+2a

4

g:Za

4

j = 422) _8a
5 5

Thex-coordinate oR is%a.

2 2

f From earlier partsnog = % antp = _i

OP is perpendicular tXP = mpg x mkp = -1, gives

m, xrrx = C_2 _C_2 :__(:4:—1
oQ P 4a2 a2 4a4

4 4 4_, 4 (2\%_ .4
—-c'=-4a" = c =4a :>(c) =4a

c2:\/4a4 =\/Z\/¥ =2a°.

Henceg?=2aZ , as required.

gAtRx= 8—:. Substitutingx = 8—: intoy = é gives,

432

- 2 () o
42\ 5/ 2082

and using the?=2a® gives,

The y-coordinate oR is%a.
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